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We investigate when and how function spaces over subspaces of ordinals admit continuous
injections into each other. To formulate our results let τ be an uncountable regular cardinal.
We prove, in particular, that: (1) If A and B are disjoint stationary subsets of τ then
Cp(A) does not admit a continuous injection into Cp(B); (2) For A ⊂ ω1, Cωp (A) admits
a continuous injection into Cωp (ω1) iff A is countable or ω1 embeds into A (which, in its
turn, is equivalent to the statement “Cωp (A) embeds into C
ω
p (ω1)”).
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
There are many interesting results showing that the existence of a good map from Cp(X, Z) to Cp(Y , Z) implies strong
topological similarities between X and Y . If Z is a group then “a good map” may carry some algebraic properties in addition
to continuity. A recent paper of Shakhmatov and Speˇvák [9] is devoted to just this goal, namely, ﬁnding which topological
properties are shared by X and Y if Cp(X,G) is topologically isomorphic to Cp(Y ,G) for a topological group G . Note that
if G = R then the discussed topic is the theory of l-equivalence, a classical subject of Cp-theory. It is of course tempting
to look for laws that require weaker relationships between Cp(X, Z) and Cp(Y , Z). In [7] and [8], O. Okunev shows that
if Cp(Y ) is embeddable into Cp(X) or admits a continuous open surjection onto Cp(X) then Y belongs to a relatively
small class of spaces described in terms of the topology of X and basic topological operations. In [2], R. Cauty proved that
if X and Y are metric compacta and Cp(Y ) admits a continuous open surjection onto Cp(X) then large pieces of Y are
homeomorphic to subspaces of ﬁnite powers of X . These results suggest to further weaken requirements on relationships
between Cp(X) and Cp(Y ) in hope to still ﬁnd strong bonds between X and Y . In particular the following general problem
may bring interesting results:
Problem. Let Cp(Y ) admit a continuous injection into Cp(X). How are X and Y related?
In this paper we obtain results in the direction of this problem for cases when both X and Y are subspaces of an ordinal.
The topology of function spaces over ordinals has already been studied in different respects. In particular, S. Gul’ko [4]
proved that Cnp(ω1) is not homeomorphic to C
m
p (ω1) if n =m. To state results of this paper let τ be an uncountable regular
cardinal and M a metric space with at least two elements. We ﬁrst show that if A and B are unbounded in τ and A \ B
is stationary then Cp(B,M) does not admit a continuous injection into Cp(A,M). We then use this statement to prove the
main results stated in the abstract and that hold also if we replace the reals by M .
In notation and terminology of general topological nature we will follow [3]. The terminology related to Cp-theory will
be consistent with [1]. Basic set-theoretical facts used in this paper about ordinals and their stationary subsets can be found,
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topology of pointwise convergence whose subbase is formed by sets in form B(x,U ) = {g ∈ C(X, Z): g(x) ∈ U }, where x is
an arbitrary element of X and U is an arbitrary element of a base of the topology of Z . A space is non-trivial if it contains
at least two elements. In this study, when discussing Cp(X,M), the letter M always denotes a non-trivial metric space.
2. Study
Throughout the paper we will use the following classical facts about function spaces and stationary sets without formally
referencing them:
Facts.
(1) If X admits a continuous surjection onto Y then Cp(Y , Z) embeds into Cp(X, Z) (for Z =R, the proof is in [1, Proposi-
tion 0.4.6 and Corollary 0.4.8], which holds for any Z without changes).
(2) Cωp (X, Z) is homeomorphic to Cp(X × ω, Z) and to Cp(X, Zω) [1, Propositions 0.3.3 and 0.3.4].
(3) If X is a stationary subspace of a regular uncountable ordinal τ and f is a continuous function from X to a metric
space, then there exists λ < τ such that f is constant on [λ, τ ) ∩ X (the proof is an obvious modiﬁcation of a standard
proof that any continuous realvalued function on ω1 is constant, which can be found, in particular, in [10, Part II,
Examples 40–43]).
Lemma 2.1. Let M be a non-trivial metric space; τ a regular uncountable ordinal; A, B unbounded subsets of τ ; and A \ B stationary
in τ . Then Cp(B,M) does not admit a continuous injection into Cp(A,M).
Proof. Assume the contrary and ﬁx a continuous injection φ : Cp(B,M) → Cp(A,M). We may assume that {0,1} ⊂ M . For
every α ∈ A \ B deﬁne fα : B → M as follows:
fα(x) =
{
0 if x< α,
1 if x α.
Since α /∈ B , fα ∈ Cp(B,M). The strategy of the rest of the argument is completely contained in the statement of Claim 6
and a short proof after it.
Claim 1. If λ < τ and p ∈ M, then the subspace X = { f ∈ Cp(A,M): f ([λ, τ )) = {p}} has character at most max{ω, |λ|}.
Proof of Claim 1. The space X is a subspace of Y = Π{Mα: α < τ }, where Mα = M for α < λ and Mα = {p} if α  λ.
Clearly, Y is naturally homeomorphic to Mλ . Since the character of M is countable, the character of Mλ does not exceed the
maximum between ω and the cardinality of λ. 
Claim 2. If D ⊂ A \ B is unbounded in τ then the subspace FD = { fα: α ∈ D} ∪ {0¯} has pseudocharacter at least τ .
Proof of Claim 2. For any neighborhood U of 0¯ there exists λ < τ such that fα ∈ U for all α > λ. Since τ is regular, the
pseudocharacter of 0¯ is at least τ in FD . 
Claim 3. Let α ∈ A \ B be a limit point for A and let U and V be open neighborhoods of fα and φ( fα), respectively. Then there exists
λ < α such that fβ ∈ U and φ( fβ) ∈ V for all β ∈ [λ,α) ∩ (A \ B).
Proof of Claim 3. Without loss of generality we may assume that U is an element of the standard subbase, that is, U = { f ∈
Cp(B,M): f (γ ) ∈ O }, where γ ∈ B and open O ⊂ M are ﬁxed. If γ  α then fα(γ ) = 1, and therefore, 1 ∈ O . By deﬁnition,
fβ(γ ) = 1 for every β ∈ [0,α) ∩ (A \ B). Hence, fβ ∈ U for such β . If γ < α then fα(γ ) = 0. Therefore, 0 ∈ O . We have
fβ(γ ) = 0 for every β ∈ (γ ,α) ∩ (A \ B). Hence fβ ∈ U . Therefore there exists λ1 < α (namely, the immediate successor of
γ ) such that fβ ∈ U for all β ∈ [λ1,α) ∩ (A \ B). It is clear that such λ1 exists even if we lift our original restriction from
U . Applying the previous argument to the neighborhood f −1(V ) of fβ , we can ﬁnd λ2 < α such that φ( fβ) ∈ V for all
β ∈ [λ2,α) ∩ (A \ B). Then λ = max{λ1, λ2} is as desired. 
Claim 4. There exists a stationary S ⊂ A \ B such that φ( fα) is constant on [α,τ ) ∩ A for every α ∈ S.
Proof of Claim 4. Let us ﬁrst show the following:
(∗) ∀γ < τ ∃γ ′ ∈ (γ , τ ) such that φ( fγ ′) is constant on [γ ′, τ ) ∩ A.
Fix any γ0 ∈ A \ B greater than γ . Assume γβ is deﬁned for all β < α < τ . Let γα be any ordinal in A \ B that meets the
following conditions:
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P2. γα > sup{mβ : β < α}, where mβ = min{λ: φ( fγβ ) is constant on [λ, τ ) ∩ A}.
Such γα exists because |A \ B| = τ . Since A \ B is stationary there exists a limit γ ′ ∈ A \ B such that
P3. γ ′ = sup{γα: α < γ ′}.
To ﬁnish the proof we need to show that φ( fγ ′ )(x) = φ( fγ ′ )(y) for any ﬁxed x, y ∈ [γ ′, τ ) ∩ A. Assume the conclusion fails
for some x and y. In this case ﬁx Ox and O y disjoint open neighborhoods of φ( fγ ′ )(x) and φ( fγ ′ )(y) in M , respectively.
The open set U = { f ∈ Cp(A,M): f (x) ∈ Ox and f (y) ∈ O y} contains φ( fγ ′ ). But U does not contain any of φ( fγα ) with
α < γ ′ because φ( fγα ) is constant on [γ ′, τ )∩ A due to P1–P3. Thus, φ( fγ ′ ) is not a limit point for {φ( fγα ): α < γ ′}, which
contradicts Claim 3.
Thus, the set S of all λ in A \ B for which φ( fλ) is constant on [λ, τ ) ∩ A is unbounded in A \ B . Similar argument as
for (∗) shows that S is in fact closed in A \ B , hence stationary. 
Claim 5. There exist a stationary T ⊂ A \ B and c ∈ M such that φ( fα)([α,τ )) = {c} for every α ∈ T and every element of T is a limit
point of A.
Proof of Claim 5. Let S be from the conclusion of Claim 4. For every α ∈ S , denote by c(α) the element of M for which
φ( fα)([α,τ )) = {c(α)}. It suﬃces to show that there exists λ < τ such that c(α) = c(β) for all α,β ∈ S \ λ. Assume no such
λ exists. Then for every α < τ we can ﬁnd xα and yα with the following properties:
P1. xα, yα ∈ S \ α; and
P2. dα = dist(c(xα), c(yα)) > 0.
Since τ is regular there exists a τ -sized D ⊂ S and a natural number N such that
P3. dα > 1/N for all α ∈ D .
Since S is stationary there exists γ ∈ S such that the following hold.
P4. γ is a limit ordinal for {xα: α ∈ D ∩ γ } and {yα: α ∈ D ∩ γ }.
P5. γ = sup{xα: α ∈ D ∩ γ } = sup{yα: α ∈ D ∩ γ }.
Put U = {g ∈ Cp(A,M): g(γ ) ∈ B(c(γ ),1/(3N))}, where B(c(γ ),1/(3N)) is the open ball in M centered at c(γ ) of radius
1/(3N). The set U is an open neighborhood of φ( fγ ). By Claim 3, there exists λ < γ such that φ( fβ) ∈ U for every β ∈
(λ,γ )∩ (A \ B). By P4 and P5, there exist xα, yα ∈ (λ,γ )∩D . Since xα, yα < γ , we have φ( fxα )(γ ) = c(xα) and φ( f yα )(γ ) =
c(yα). By P3, φ( fxα )(γ ) and φ( f yα )(γ ) are at least 1/N units apart. By the choice of the radius of B(c(γ ),1/(3N)), either
φ( fxα ) /∈ U or φ( f yα ) /∈ U . This contradiction proves the claim. 
Claim 6. There exist a stationary P ⊂ A \ B, c ∈ M, and λ < τ such that φ( fα)([λ, τ )) = {c} for every α ∈ P .
Proof of Claim 6. Let T and c be as in the conclusion of Claim 5. For every α ∈ T and n ∈ ω \ {0} ﬁx λ(α,n) with the
following properties:
(1) λ(α,n) < α; and
(2) φ( fα)(x) ∈ B(c,1/n) for all x ∈ [λ(α,n), τ ) ∩ A.
Such λ(α,n) exists because α is a limit point in A. The correspondence α → λ(α,n) is a regressive function on the sta-
tionary set T . By Pressing Down Lemma (see, for example [5]), for every n ∈ ω \ {0} there exists a stationary Tn ⊂ T
and λ(n) < τ such that λ(α,n) = λ(n) for every α ∈ Tn . By Claim 3, we may assume that Tn is closed in T . Therefore,
P =⋂n Tn is stationary and closed in T . Put λ = sup{λn: n ∈ ω \ {0}}. We have φ( fα)([λ, τ )) = {c} for every α ∈ P . Claim is
proved. 
Let P and λ be as in Claim 6. Since for every neighborhood U of 0¯ in Cp(B,M) there exists γ < τ such that fα ∈ U
whenever α > γ , an equivalent statement must hold for φ(0¯) and {φ( fα): α ∈ P }. Hence φ(0¯)([λ, τ )) = {c}. By Claim 1,
{φ( fα): α ∈ P } ∪ {φ(0¯)} has character at most max{ω, |λ|}, which is less than τ . By Claim 2, { fα: α ∈ P } ∪ {0¯} has
pseudocharacter exactly τ . Continuous one-to-one maps (and φ is such) do not reduce pseudocharacter. Therefore, our
assumption that φ is a continuous injection is wrong. The lemma is proved. 
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Corollary 2.2. Let τ be a regular uncountable cardinal; A, B ⊂ τ ; and M a non-trivial metric space.
(1) If A and B are disjoint stationary sets then Cp(A,M) does not admit a continuous injection into Cp(B,M).
(2) If A is unbounded and Cp(A,M) admits a continuous injection into Cp(τ ,M) then A contains a closed subspace homeomorphic
to τ .
(3) If A ⊂ ω1 and Cp(A,M) admits a continuous injection into Cp(ω1,M) then A contains a topological copy ofω1 or A is countable.
Our next goal is to reverse the third part of this statement for certain M , namely, for those M that are homeomorphic
to their own countable power. Such are for example the Cantor space, the irrationals, Hilbert cube, and so on. We will use
the following classical theorem.
Theorem. (R. Engelking and D. Lutzer [6]) Let X be a subspace of a linearly ordered topological space. Then X is paracompact iff no
closed subspace of X is homeomorphic to a stationary subset of a regular uncountable cardinal.
Proposition 2.3. Let X be unbounded in ω1 and Y ⊂ X closed and unbounded in X. Then Y × ω admits a continuous surjection
onto X.
Proof. Since Y is closed and unbounded in X , the set X \ Y is not stationary in ω1. Since a subset of ω1 is stationary if
and only if it has a limit point for every uncountable subset of itself we conclude that X \ Y cannot be homeomorphic to a
stationary subset of ω1. Hence, by Lutzer–Engelking theorem [6], X \ Y is paracompact. Therefore, X \ Y can be written as⊕
α<ω1
Zα , where each Zα is countable. Sets Zα can be chosen to satisfy the following:
P1. Zα is convex in X \ Y .
If X \ Y is countable, then the conclusion of our proposition is obvious. Assuming that the difference in question is uncount-
able we can demand that each Zα possesses the following properties:
P2. [min(Zα), supω1 (Zα)) meets Y by an inﬁnite set; and
P3. Zα is inﬁnite.
By P3, we can enumerate elements of Zα as {znα: n ∈ ω}. Put Yn = Y ∪ {znα: α < ω1}. Since the union of Yn ’s covers all of X ,
the sum
⊕
n Yn admits a continuous surjection onto X by means of the map which is the identity on each Yn . To reach the
conclusion of our proposition it suﬃces to show now that Yn is homeomorphic to Y for each n.
Fix n. For each α, ﬁx aα,bα that are neighbors in Y and are both in [min(Zα), supω1 (Zα)) ∩ Y . Such elements exist due
to P2. Introduce a new element cα to Y and put aα < cα < bα . By P1 and P2, Y is homeomorphic to Y ′ = Y ∪ {cα: α < ω1}.
The map f : Yn → Y ′ deﬁned by letting f (y) = y if y ∈ Y and f (znα) = cα is a desired homeomorphism. 
Lemma 2.4. Let B be an unbounded subset of ω1; C an unbounded subset of B; and M a non-trivial metric space. Then Cp(B,Mω)
admits a continuous injection into Cp(C,Mω).
Proof. By Proposition 2.3, ClB(C)×ω admits a continuous surjection onto B . Therefore, Cp(B,Mω) embeds into Cp(ClB(C)×
ω,Mω), which is homeomorphic to Cp(ClB(C), (Mω)ω). Thus, Cp(B,Mω) embeds into Cp(ClB(C),Mω). Since C is dense in
ClB(C), the space Cp(ClB(C),Mω) admits a continuous injection into Cp(C,Mω). The lemma is proved. 
Although the next fact is a known folklore, we outline a proof for completeness.
Proposition 2.5. (Folklore) Let B be a subspace of an ordinal τ and A ⊂ B a closed non-empty subspace of B. Then B admits a
continuous retraction onto A.
Proof. For every α ∈ (supτ A, τ ) ∩ B , put r(α) = min A. For α ∈ B \ (supτ A, τ ), put r(α) = min{γ ∈ A: γ  α}. Clearly, r is
well-deﬁned on B \ {supτ A}. If supτ A ∈ B , then by closedness of A in B , we conclude that supτ A ∈ A. Then, by the second
part of the deﬁnition of r, we have r(α) = α. Therefore, r is a well-deﬁned map. The deﬁnition of r implies that the range
of r is in A. To show that r ﬁxes each element of A, observe that no element of A is in (supτ A, τ ) and r(α) = α for every
α ∈ A \ (supτ A, τ ) due to non-strict inequality in the second part of the deﬁnition of r. Since the set (supτ A, τ ) ∩ B is
closed and open in B and does not meet A, we conclude that r is continuous at every point of (supτ A, τ ) ∩ B . It is left
to show that r is continuous at a ﬁxed point α ∈ B \ (supτ A, τ ). Without loss of generality, we may assume that α is not
isolated in B . Let (λ, r(α) + 1) ∩ A be an arbitrary basic open neighborhood of r(α) in A. If r(α) = α, then r maps the
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such that (γ ,α] contains no elements of A. Then r maps (γ ,α] ∩ B into {r(α)}. The continuity of r is proved. 
Lemma 2.6. Let A be a stationary subset ofω1; C ⊂ A; A \ C not stationary inω1; and M a non-trivial metric space. Then Cp(C,Mω)
embeds into Cp(A,Mω).
Proof. Since A is stationary and A \ C is not, there exists D ⊂ C which is closed in A and stationary in ω1. Since C ⊂ A,
the set D is closed in C . By Proposition 2.3, D × ω admits a continuous surjection onto C . By Proposition 2.5, A admits a
continuous surjection onto D . Therefore, A × ω admits a continuous surjection onto C . Therefore, Cp(C,Mω) embeds into
Cp(A × ω,Mω). The latter is homeomorphic to Cp(A,Mω). The lemma is proved. 
Lemma 2.4 and Lemma 2.6 imply the following statement.
Lemma 2.7. Let M be a non-trivial metric space. If A, B ⊂ ω1 , A is stationary, and A \ B is not, then Cp(B,Mω) admits a continuous
injection into Cp(A,Mω).
Proof. Put C = A ∩ B . Since A \ B is not stationary, both C and B are unbounded. Also C ⊂ B . By Lemma 2.4,
(∗) Cp(B,Mω) admits a continuous injection into Cp(C,Mω).
Since A \ B is not stationary, A \ C is not stationary either. By Lemma 2.6,
(∗∗) Cp(C,Mω) admits a continuous injection into Cp(A,Mω).
Statements (∗) and (∗∗) imply the conclusion of the lemma. 
Theorem 2.8. Let M be a non-trivial metric space, A an uncountable subset of ω1 , and B ⊂ ω1 . Then Cp(B,Mω) admits a continuous
injection into Cp(A,Mω) if and only if B is countable or A \ B is not stationary.
Proof. Assume ﬁrst that A is not stationary. Then necessity is trivial since A \ B is not stationary no matter what B is. For
suﬃciency, notice ﬁrst that non-stationarity implies that A contains a closed discrete uncountable subset. This and normality
of A imply that Cp(A,Mω) contains a topological copy of Mω1 . Since B is of cardinality at most ω1, the necessity follows.
Now assume that A is stationary. The necessity is given by Lemma 2.1 Corollary 2.2. Let us prove suﬃciency. Assume B
is countable. The space Cp(B,Mω) is a subspace of (Mω)B , which is homeomorphic to Mω for countable B . Since A is not
empty Cp(A,Mω) contains a topological copy of Mω and the conclusion follows. Now let B be uncountable. Then A and B
satisfy the hypothesis of Lemma 2.7, which gives us a desired conclusion. 
If A is ω1 itself then we can re-write the above criterion as follows.
Theorem 2.9. Let M be a non-trivial metric space and B ⊂ ω1 . Then the following conditions are equivalent:
(1) B is countable or contains a homeomorphic copy of ω1;
(2) Cp(B,Mω) embeds into Cp(ω1,Mω);
(3) Cp(B,Mω) admits a continuous injection into Cp(ω1,Mω).
Proof. (1) ⇒ (2) If B contains a homeomorphic copy of ω1, then ω1 \ B is not stationary. By Lemma 2.6, Cp(B,Mω)
embeds into Cp(ω1,Mω). If B is countable then Cp(B,Mω) is a subspace of (Mω)B , which is homeomorphic to Mω . Clearly,
Cp(ω1,Mω) contains a homeomorphic copy of Mω .
The implication (2) ⇒ (3) is obvious and (3) ⇒ (1) follows from Theorem 2.8. 
The implication (1) ⇒ (3) in Theorem 2.9 does not hold if we replace Mω by M . For example, Cp(ω,2) does not admit
a continuous injection into Cp(ω1,2). To see this, ﬁrst observe that Cp(ω,2) equals 2ω . Since the latter is a separable
compactum, we need to show that no separable compact subset X of Cp(ω1,2) is homeomorphic to the Cantor Set. For
this, ﬁx a countable dense A in X . Since any continuous function from ω1 to {0,1} is eventually constant and A is countable
we can ﬁnd γ < ω1 such that f ([γ ,ω1)) = {i}, where i ∈ {0,1}. Since A is dense in X , we conclude that f ([γ ,ω1)) = {i},
where i ∈ {0,1}, for every f ∈ X . Since [0, γ ] is a countable compact space, there are only countably many continuous
functions from [0, γ ] to {0,1}. Therefore X is countable and is not homeomorphic to 2ω .
In spite of this example the author hopes that the replacement “Mω by M” in Theorem 2.9 is still possible in case
M =R. Our results and Gul’ko’s theorem mentioned in the introduction motivate the following questions.
Question 2.10. Let A ⊂ ω1 contain a subspace homeomorphic to ω1 . Is it true that Cp(A) is homeomorphic to Cp(ω1)?
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